A version of Wigner-Racah type of approach is proposed for the model of a free-electron gas in a cubic box. The approach bases on the structure of fibre bundle in description of states of a single electron. Contrary to the tight binding model, the base of the bundle is the reciprocal space rather than the positional one. An elementary quantity of the approach is the star of quasi-momentum. Such a treatment reveals the degeneracy of energy 1evels of the system of N electrons, in particular of the ground Fermi level, for an uncomplete filling of stars. The associated classification of energy 1evels and corresponding states can be performed within an atomic-like Wigner-Racah scheme.
Introduction
In the present paper we are going to discuss some multiparticle aspects of the model of a free electron in a box along to the Wigner-Racah approach for multielectron states in atoms [1] [2] [3] . We aim to point out that this case can be -in principle -described in a way similar to the tight binding model [4] [5] [6] [7] [8] , where the fibre stucture of space of crystalline LCAO spinorbitals carries all essential information on geometric selection rules, whereas the factorization of this space into positional and spin parts allows one to construct symmetry adapted multielectron states in various coupling schemes. It yields discussion of statistics [5, 7, 8] , bilinear invariants [6] , Cooper pairs [7] , and other features of electron correlations [8] .
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Single-electron spaces of both tight binding and, free-electron models admit a fibre stucture and allow for appropriate factorizations. The main difference between these models is that the base of the single-electron bundle for the tight binding model is the set of centres, i.e. a subset of the "real space", whereas that for the free-electron case is the discrete Brillouin zone, which is a subset of the reciprocal space of a crystal.
An intriguing feature of such a Wigner-Racah type of approach to the free-electron model is degeneracy of multiparticle energy levels. In particular, the Fermi level, i.e. ,the ground, level for this model, is usually assumed tacitly as non-degenerate. Actually, it -exhibits in general -a high degeneracy. We aim here to point out the corresponding degrees of freedom for possible constructions of various correlated states belonging to the ground level of the system of N non-interacting electrons.
Basic model assumptions
We consider the system of N non-interacting electrons, confined to a box. Let the macroscopic geometric symmetry of the box be given by a point group Q. Hereafter we assume that the box is a cube of the edge Qα,' so that α corresponds to the lattice constant when compared to microscopic models. Then Q is the octahedral group Oh.
The space L of single-electron states of this model is spanned on orthonormal basis states|kσ), where k =2 7 r / Q , α ) ( n 1 , n2, n 3) is the wave vector of quasi-momentum, withintegers
defined by standard Born-Karman periodic quantization conditions, and σ = ± 1 / 2 is the spin variable for a single electron. The corresponding energy levels form a ladder given by Ev=E0v, (2) where is the elementary energy distance, and is a non-negative, integer resulting from the quantization (1), and lebelling the the rungs of the ladder of energy levels. . -The degeneracy d(v), of the v-th ung is the doubled (for reason of spin) number of integer solutions of the diophantine equation (4) for triads (n1, n 2 , n3). If a wave vector k is such a solution, then the set yields also solutions with the same v. This set constitutes the star of the wave vector k, i.e.the orbit generated by the geometric symmetry group Q from the initial k. This orbit is characterized by the stability group H = {q Q qk = k} (6) of the element k, or -more accurately -by the class of subgroups, conjugated with H in Q, called the epikernel (cf. [9] and references therein for detail) The rung v corresponds to the collect ion of all stars with the same length t o s i n g l e -e l e c t r o n , s p a c e L {1N} = L (L is a Hilbert space spanned on the denumerable orthonormal set (9)), and to space of electron pairs.
The structure of energy levels of the system of N free electrons is completely determined in terms of occupation numbers of single-electron, levels (9), consistent with , the Pauli principle. In. the case of the ground state of the system, the single-electron levels are occupied consecutively according to increase of energy. E a c h r u n g v c a n b e o c c u p i e d b y a t mo s t d ( v ) e l e c t r o n s , i n a n a n a l o g y t o a n a t o m i c nl-shell, which encloses 2(21 1) electrons. Let N = N0+ N', (12) where is the number of electrons on completely filled inner ungs, and N' -the number of electrons in the outer ung vF. Thus N' is subjected to the constraints
We refer hereafter to vF as the Fermi rung. The ground level is therefore highly degenerated, and this feature seems to us to be overlooked in standard treatments. In fact, the textbook definition of a ground state in terms of Fermi surface, i.e. essentially in terms of occupation numbers, yields only a mixture, or density matrix, which coincides with a pure quantum state only in cases of totally filled rungs. Other cases admit a 1arge freedom of choice of various mutually orthogonal ground states, with distinct physical properties. A natural way of systematic studying of this freedom is suggested by a Wigner-Racah type of approach, starting from a single star γ.
In this way we meet the problem of classification and construction of an orthonormal basis of N-electron spaces L( γ ) { 1 N } , with N = 0,1,2, ... , 2 | γ |, starting from a finite-dimensional single-electron space with lcc denoting the linear closure of the set {...} over the field C of complex numbers. This problem bears an evident resemblance to atomic [10] , nuclear [11] , and quantum-chemical [12] cases of construction of multiparticle states from a given, finite set for a single particle. In order to give an idea of size of the actual problem we observe that the number | γ | of wave vectors in a star γ for the group Oh varies from 1 (the unit representation) to 48 (the regular one), so that for the maximal occupationnumber 2 | γ | we have
In should be compared to the quantity 2(2l+1) for the atomic case. Thus, e.g., the tetragonal (14) . The scale of the problem increases considerably for larger stars.
We depict in the sequel some general aspects of the Wigner-Racah approach to this problem. We stress here our attention on two features. First, the similarity of our problem to the atomic case is deepened by the observation that the single-electron space L(γ) can be factorized as into the orbital factor L0(γ) = lcc γ
and the spin space
Equation (21) bears an evident resemblance to the spin-orbit factorization in the atomic case. Second, the orbital space L0(γ) of the free-electron case is spanned on a well defined basis γ. This basis is an orbit of a transitive representation of the group Q, and thus the construction of N-electron states involves multiple coupling of transitive representations by means of Mackey theorem.
and T. Lulek are sets of repetition labels, imposed by decompositions (37) and (38), respectively. Then, the total space L{1N} has the form where the symbol ( , ){ 1N } stands for the (unique) antisymmetric one-dimensional subspace of the direct product corresponding to mutually transposed Young diagrams (43) and (44).
Equation (49) points out the stucture of the space L{1N} , imposed by the factorization (24). It is the direct sum of subspaces labelled by Young diagrams Λ, which define permutational properties (or statistics) of the orbital and spin factors. Each such A-subspace is spanned on the cartesian product (51) of repetition labels t, u related to orbital and spin part. The set (Ps, ΛTr) of spin repetition labels u can be readily identified as In other words, the problem consists in finding some physically reasonable crystal counter-parts Λ t S of atomic Russel-Saunders LS terms.
Discussion
We have shown that the multielectron states of the free-electron model can be constucted in a way similar to Wigner-Racah approach in the case of atoms. Occupation of single-electron states consistent with the energy ladder (2) The problem of convenient classification of orbital states is similar to that for atomic (Wybourne [10] ) or molecular case (Karwowski [12] and references therein), and its roots have recourse to the duality of Weyl [14] between the mutually centralising actions of the Pauli symmetric group ∑N and the unitary group u| i n thetensor-power orbital space L0(γ)N . E.g. the classification problem for atomic pN configuration is exhausted by LS quantum numbers, the case dN requires extra the seniority number υ, and the case fN is partially resolved by additional classification numbers W and U -irreducible representations of Lie groups in the chain SO(3, R) G2 SO(7, R) U7.
Such a classification problem is to be solved for each star γ. Here we are not going to solve this problem, but we want to point out some specific features associated with the permutational stucture of the orbital space L0 (γ). According to Eq. (19), L0(γ) is just the linear extension of the star γ, i.e. of an orbit of the transitive representation RQ:H of the symmetry group Q of the box confining electrons, with H being the stability group of an arm of the star γ. In particular, for N = 2 one has to deal with Mackey theorem for transitive representations, which can be looked at as the crystalline analogue of coupling of two angular momenta -the building block for all Racah recoupling schemes [1] [2] [3] . We thus arrive in a natural way to discussion of the problem of multiple coupling of transitive rather than irreducible representations. We express our hope that it can shed a new light to electron correlations in crystals.
The Wigner-Racah approach yields an important quantum number -the Young diagram A given by Eq. (43). This diagram describes the statistic of the orbital part of an N-electron wave function, i.e. its properties under permutations of electrons. A describes, in general, neither fermions nor bosons but some paraparticles (actually parafermions with p = 2) corresponding to multidimensional irreducible representations of the Pauli group ∑N (Ohnuki and Kamefuchi [15] ).
Such a description is convenient in constuction of multielectron states in a spirit of Weyl duality [14 but it introduces complications to methods of second quantization. It is, however, a natural result of factorization (21) combined with the Pauli principle.
Evidently, the free-electron model suffers from some cude assumptions. In particular, such a full and, moreover, systematic neglect of interactions between electrons is inadequate in the picture of shells. It is rather reasonable to admit that more than one shell is partially filled. Such a partial filling of rungs near the Fermi level is an analogy of mixed valence approach in the tight binding model. It provides still larger flexibility in constuction of states with various paramagnetic properties, resulting from both spin and orbital effects.
Also the quantum number γ of a star in the reciprocal space ceases to be exact in presence of interactions. Still, we believe that the assumption of a single star is a good starting point for searching of electron correlations in extended systems. In particular, it seems to be a reasonable assumption in the case of such systems at the mesoscopic scale, when quantum size effects become important.
